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« We now look at motion of rotation.

« We will find the same laws apply.

« But we will need new guantities to express them

&
. Torque , & (£ MWZM/ farel caunts b o et )

. Rotational inertia , T ( shee A b W‘“”> - 9
« Arigid body rotates as a unit, locked together. %‘;ﬁ ~

« We look at rotation about a fixed axis. ~ cofalbon s
W
- These requirements exclude from consideration—, ¢ _ , %2/ ép}>

. The Sun, where layers of gas rotate separately

. Arolling bowling ball, where rotation and translation occur

hngpas g (J%
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Translation and Rotation P

« Motion of Translation : Object moves along a straight or A %&
curved line. m" \\ /‘?%

« Motion of Rotation: Object rotates about a fixed axis ﬂ ¢ @
(object rotates about center of mass) . / \
Motion of Translation: .
I.e. Motion along a straight line  Motion of Rotation:

(along x-axis) I.e. rotation of tires about a fixed axis

Variable

Variable Symbol Unit

Position meter (m) Angular Position 0 radians (rad)

Displacement AX IS (A Angular Displacement AO radians (rad)

Velocity V meters/sec (m/s)

Acceleration meters/sec?(m/s?) | WARLEIETAYE o[d13Y O radians/sec

P (rad/s)
<“ ~ SZRO Angular Acceleration oL radians/sec?
(rad/s?)

Qaad = 2r = 1 revolution
Irqo{f ara @m(vf-f’ 7€f/?
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 Arigid body is a body that can rotate with all its parts locked together
and without any change in its shape.

o A fixed axis means that the rotation occurs about an axis that does not
move. Thesfixed axis Is called the axis of rotation.

1ZMIR
‘M‘!'u'g ELEB

Fixed axes*®
Rigid body

~
Rota'giorﬁ' _~Body This line is part
axis of the body and
perpendicular to
the rotation axis.
e Reference line ¥~

N

Followsa _

circular line

« Reference Line: The angular position of this line
(and of the object) is taken relative to a fixed

direction, the zero angular position.
18 December 2018

f"’""o *

TOP VIEW

(NI NI et

The body has rotated
counterclockwise
by angle 6. This is the
positive direction.

ccw ~>(+
W o (=))

Rotation
axis

This dot means that
the rotation axis is
out toward you.
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i - (_g:g &>
1- Angular Position,0 “~__s: length of a circular arc that extends from the x

s axis reference line. ;,Q,WQ,W of o~
g = [ﬂ ctcle

= — (radian measure)’ r: radius of the circle. : ore
L ’@/9,((/\/

r i
v 27r .
1 rev = 360° = = 2qrrad, '3"0. A
. g0 X

. : {of T 3(0)
An angle (0) measured in radians (rad)! 1 rad = 57.3° = 0.159 rev.

2- Angular Displacement (A0) _ -
« Changing the angular position of the

reference line from 6, to 6,, the body
Reference line undergoes an angular displacement A
given by;

_+ This change In

F’Ltffgf,,f/ theaﬂgleis 5H:HQ_ H]-'
the angular
displacement  * Anangular displacement in the
of the body counterclockwise direction is positive,
during this time  and one in the clockwise direction is
A change. negative. | SR
O _ Romtion axie x * Clocks are negative! rors

) N B s - >
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10.1 2 The Rotation & Rotational Variables A
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3- Angular Velocity (o)

Average anqular velocity: angular displacement during a time interval

o — 6 — 6, _ A6
BLI A A At’

Instantenous angular velocity: limitas At — 0

_ bim A9 db
Y via At dr

4- Angular Acceleration (a.): If the angular velocity of a rotating body is not
constant, then the body has an angular acceleration.

Average anqular acceleration: Intantenous anqular acceleration: limit as At — 0
angular velocity change during a

time interval ‘5“‘ - dw
o = lim .
Ar—0  Af dt
_ wy;—w;  Aw

a' s
= 1, — I At’
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10.1 2 The Rotation & Rotational Variables

Sample problem:

Fig. 10-5

Rotation axis

! Reference mrs 8 ('f‘q = € “’)’P"Mw

e ) €

—-Zero
angular
position

The angular position
(@ of the disk is the an
between th '

@-— @ @ @ @
m:nVMthu@/oej/L
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1ZMIR
KATIP CELEBI

[ UNIVERSITESI

The disk in Fig. 10-5a is rotating about its central axis like a
merry-go-round. The angular position 6(¢) of a reference
line on the disk is given by

¢ = —1.00 — 0.600r + 0.250¢%, (10-9)

with # in seconds, ¢ in radians, and the zero angular position
as indicated in the figure.

(a) Graph the angular position of the disk versus time
from 1= —3.0 s to t = 3.4 s. Sketch the disk and its angular

particular time, we need to determine ¢ for that time. To do
so, we substitute the time into Eq. 10-9. For t = —2.0 s, we get

0 = —1.00 — (0.600)(—2.0) + (0.250)(—2.0)?

1.2rad = 1.2 rad S60° 69° S0 2f
B ':g._ =1 27 rad _(‘|'f':“"-5: %’( el rod
This means that at t = —2.0 s the reference line on the disk

otated counterclockwise from the zero position by
1.2 rad = 69° (counterclockwise because 6 is positive).
Sketch 1 in Fig. 10-5b shows this position of the reference

SimiTardy, for + = 0, we find # = —1.00 rad = —57°, which
means that the réference line is rotated clockwise from the
zero angular position by I'Bwad, or 577, as shown in sketch 3.
For r = 4.0 s, we find # = 0.60 rad=34" (sketch 5). Drawing
sketches for when the curve crosses the 7 axis is easy, because
then #=0 and the reference line is momentarily aligned

with the zero angular position (sketches 2 and 4).

PHY 101 Phvsics | © Dr.Cem Ozdogan 8
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10.1 2 The Rotation & Rotational Variables

Sample problem contd.:

Fig. 10-5

|R0tati0n axis
' Reference
line

—-Zero
angular
position
The angular position
(@ of the disk is the angle
between these two lines.
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Sample problem contd.:

Fig. 10-5

|R0tation axis

' —Reference
line

—-Zero
angular
position

w (rad/s)

The angular position
of the disk Is the angle
between these two lines.

(a)

This is a plot of the angular
velocity of the disk versus time.

>

2 4 6
D O
negative @ ZETO positive @
(c)

18 December 2018

(c) Graph the angular velocity e of the disk versus time from
t = —3.0s to t = 6.0s. Sketch the disk and indicate the direc-
tion of turning and the sign of watr = —2.0 5,4.0 s,and .
Calculations: To sketch the disk at r = —2.0 s, we substi-
tute that value into Eq. 10-11, obtaining

w = —1.6 rad/s. (Answer)

The minus sign here tells us that at t = —2.0 s, the disk is
turning clockwise (the left-hand sketch in Fig. 10-5¢).

Substituting ¢t = 4.0 s into Eq. 10-11 gives us
® = 1.4 rad/s. (Answer)

“The implied plus sign tells us that now the disk is turning

“~ coupterclockwise (the righthand sketch in Fig. 10-5¢).

For 1, we already know that dé/dt = 0. So, we must
also have w = 0. That is, the disk_ momentarily stops when
the reference line reaches the minimum valug'of ¢ in Fig.
10-5b. as suggested by the center sketch in Fig. Y)-5¢. On the
graph, this momentary stop is the zero point where the plot
changes from the negative clockwise motion tp the positive

- - T e agn Vg TS g
counterclockwise motion.

,,.o-\_,_‘_._,._,.-n_r"'\_-h

(d) Use the results in parts (a) through (c) to dkggcribe the
motion of the disk from7= —3.0stor = 6.0s.

Description: When we first observe the disk at t = —3.0 s, it
has a positive angular position and is turning clockwise but
slowing. It stops at angular position # = —1.36 rad and then
begins to turn counterclockwise, with its angular position
eventually becoming positive again.

PHY 101 Phvsics | © Dr.Cem Ozdogan



10.1 2 The Rotation & Rotational Variables
Sample problem: Angular Velocity and Acceleration

A child’s top is spun with angular acceleration (b) Obtain an expression for the angular position é(t) of the
a = 56 — 4, top.

with ¢ in seconds and e in radians per second-squared. At Calculations: Since Eq. 10-6 tells us that

t = 0, the top has angular velocity 5 rad/s, and a reference df = wdt,
[IN8 O it lar position # = 2 rad. we can write
9=fwm=f&ﬂ—m%+am
1 '
=30 —30° F C

=15_23
=3l — 3+ 5+ 2, (Answer)

where C” has been evaluated by noting that ¢ = 2rad att = 0.

o) ~ w (T) v alt)
d O o

PEEN— L,

e

SO

From this we find

obf-
o A oy = e (1)L
w= | (5 —4t)dt = 3* —5t* + C.
To evaluate the constant of integration C, we note that w = 5 [ lz
rad/s at t = 0. Substituting these values in our expression for G/ ol C"f )
w vields
Sradls=0-0+ C,
so C = Srad/s. Then

=3t — 22+ 5. (Answer)

18 December 2018 PHY 101 Phvsics | © Dr.Cem Ozdogan 11
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z A z
Axis Axis Axis

Spindle

=

//
Y

o 1. _——
Yo \J ®
This right-hand rule
establishes the
direction of the (a) (b) (¢)
angular velocity
vector.

Fig. 10-6 (a) A record rotating about a vertical axis that coincides with the axis of the
spindle. (b) The angular velocity of the rotating record can be represented by the vector @,
lying along the axis and pointing down, as shown. (¢) We establish the direction of the an-
gular velocity vector as downward by using a right-hand rule. When the fingers of the right
hand curl around the record and point the way it is moving, the extended thumb points in
the direction of @.

« With right-hand rule.to determine direction, angular velocity &
acceleration can be written as vectors.

. If the body rotates around the vector, then the vector points along the
axis of rotation,

 Angular displacements are not vectors, because the order of rotation
matters for rotations around different axes.

PHYSICS

18 December 2018 PHY 101 Phvsics | © Dr.Cem Ozdogan 12
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TABLE 10-1

Equations of Motion for Constant Linear Acceleration and for Constant Angular Acceleration

Equation

Linear J Missing ( Angular

Number Equation = Variable Equation
(2-11) v =v,+at X — X 0 — 6 W= w; + at
(2-15) X — X = vyt + %m‘z v w 0 — 0= wyl + ,m‘z
(2-16) p? = L{]. + 2a(x — xy) t t W = i + 2e(6 — 6))
(2-17) X —xp = vy + V)i a a 0 — 0= 2w + w)t
(2-18) X — Xg= vt — :m‘“ Vo wy 0— 6 = wt — %m’z

« Just as In the basic equations for constant linear acceleration, the basic

equations for constant angular acceleration can be derived In a

similar manner.

» The constant angular acceleration equations are similar to the constant

18 December 2018

linear acceleration equations.

« We simply change linear quantities to angular ones.

PHY 101 Phvsics | © Dr.Cem Ozdogan
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Sample problem: Constant Angular Acceleration
We measure rotation by using
this reference line.

Clockwise = negative
Counterclockwise = positive

Fig. 10-8

(b) Describe the grindstone’s rotation between t =0 and
t=32s.

Description: The wheel is initially rotating in the negative
(clockwise) direction with angular velocity w,=4.6 rad/s,

N Axis but its angular acceleration a is positive.
i:: __ Zero angular
‘:f position The initial opposite signs of angular velocity and angular
' acceleration means that the wheel slows in its rotation in the
. . . S ——— -
Reference negative direction, stops, and therireverses to rotate in the
line positive direction.

A grindstone (Fig. 10-8) rotates at constant angular acceler-
ation & gz 0.35 rad/s”. At time ¢ = 0.t has an angular veloc-  After the reference line comes back through its initial

ity of wg = —4.6 rad/s and a reference line on it is horizon-  grjentation of g= 0, the wheel turns an additional 5.0 rev by
tal, at the angular position 6, = 0. timet=32s. &z 0O

(a) At what time after r = 0 is the reference line at the an-
gular position # = 5.0 rev? . | fev ~ 2T} rad (c) At what time t does the grindstone momentarily stop?

—

The angular acceleration is constant, so we can use the
rotation equation:

9 - 6‘(} — (U(}f + %ﬂrz.

Calculation: With w =0, we solve for the corresponding time
t.

[ — w—wy 00— (—46rads)
Substituting known values and setting 6,=0 and 6 =5.0 B o 0.35 rad/s2 B
rev =10x rad give us

107 rad = (—4.6 rad/s)t + 5 (0.35 rad/s?)¢2

13 s.

Solving this quadratic equation for t, we find t =32 s.

18 December 2018 PHY 101 Phvsics | © Dr.Cem Ozdogan 14



10.4 Rotation with Constant Angular Acceleration
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Sample problem: Constant Angular Acceleration
Constant angular acceleration, riding a Rotor

While you are operating a Rotor (a large. vertical, rotating
cylinder found in amusement parks). you spot a passenger
in acute distress and decrease the angular velocity of the
cylinder from 3.40 rad/s to 2.00 rad/s in 20.0 rev. at constant

(a) What is the constant™ng
decrease in angular speed?

Because the cylinder’s angular acceleratiag|is constant, we
can relate it to the angular velocity and angular displace-
ment via the basic equations for constant angNir accelera-
tion (Eqs. 10-12 and 10-13).

Calculations: The initial angular velocity, is oy, = 3.40
rad/s, the angular displacement is 6 — 6, = 20.0 rev, agd the
angular velocity at the end of that displacement is @ = 2.00
rad/s. But we do not know the angular acceleration a and
time £, which are in both basic equations.

2
o - 65 +u@ﬁ+l¢{

2 R K
'LWILMV“M“

To eliminate the unknown ¢, we use Eq. 10-12 to write
W~
5

[ =

which we then substitute into Eq. 10-13 to write

— — 2
0—00=w0(w a“"’)+§a(u).

o

Solving for a. substituting known data, and converting 20
rev to 125.7 rad, we find

7 o’ — of (2,00 rad/s)* = (3.40 rad/s)®

' 2(0 — 6,) 2(125.7 rad)

— 2
= =0.0301 rad/s’. fbﬁ_—u?,z—l— 700 (9_%>(Answer)

p—

a:

(b) How much time did the speed decrease take?

Calculation: Now that we know a, we can use Eq. 10-12 to
solve for r:

w— wy _ 2.00rad/s — 3.40 rad/s

a —0.0301 rad/s?
= 46.5s. (Answer)

{ o, éw

=

18 December 2018 PHY 101 Phvsics | © Dr.Cem Ozdogan 15


analiz
Arrow

analiz
Arrow

analiz
Arrow


1ZMIR
KATIP CELEBI
UNIVERSITESI

 Linear and angular variables are
related by r (perpendicular
distance from the rotational axis)

y

<
o

fx"ﬁb &
N> W

Rotation
axis

r: radius of the circle travelled by

* If a reference line rotates through an
angle 0, a point within the body at a
position r from the rotation axis moves a
distance s along a circular arc, where s is
given by:

s = 6r (radian measure). |
Differentiating the above equation
with respect to time

V = wr (radian mcasurc}

-

particle

Period of Revolution

2TF

T =

27

|4 w

Angular speed of particles are the samé but
linear speed increases as going to outside of the
\_rotation axis!

(radian measure)

U~ LE-LP):UJr

18 December 2018
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10.5 Relating Linear and Angular Variables
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Tangential acceleration Radial acceleration
The velocity vector is (l n terms of angu lar V@IOCity)
always tangent to this
y circle around the

The acceleration always
rotation axis. has a radial (centripetal)
component and may have
a tangential component.

Circle
traveled by P

=

Vo= il (radian measure)

ﬂ Differentiating with respect to
time 2

i
a, = or radian measure .
! ( a, :The radial part of the acceleration is
a, : tangential acceleration the centripetal acceleration
=

_u—'_—F——

18 December 2018 PHY 101 Phvsics | © Dr.Cem Ozdogan 17
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Sample problem

Along here, the

Consider an induction roller coaster (which can be passenger has
accelerated by magnetic forces even on a horizontal track). both tangential
Each passenger is to leave the loading point with 5)’ and radial

- - p « accelerations.
acceleration g along the horizontal track. .
That first section of track forms a circular arc (see Figure), "\ o *\

. . —

so that the passenger also experiences a centripetal R |

. Loading
acceleration. As the passenger accelerates along the arc, the “°ond here, the i
passenger has

magnitude of this centripetal acceleration increases only tangential
alarmingly. When the magnitude a of the net acceleration  acceleration.
reaches 4g tsome point P and angle 6, along t c, the

passenger mov a straight line, along a tangent to t
arc.
(a)What angle & should the arc s
Calculations:

Substituting »,=0, and 6,=0, and we find:

Eﬂg — Eﬂ% + 2!‘1'(9 - 9{]]‘.

This leads us to a total acceleration:

nd so that a is 4g at point P? Substltutln a,, and solving for 6

Whena reaches the design value of 4g, angle 6
But - 2a,0 is the angle 0, . Substituting a =4g, 6= 0,, and
m" —

. a~= g, we find:
N,\J’

i ) : yPRY.

which gives: | "9, =0, 9y = %\/ (-15:2)

— 1 =194 rad = 111°

r
LY lepaea

18 December 2018 PHY 101 Phvsics | © Dr.Cem Ozdogan 18
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Sample problem cont.

(b) What is the magnitude a of the passenger s net
acceleration at point P and after point P?

Along here, the
passenger has
both tangential
and radial

Reasoning: At P, a has the design value of 4g. Just accelerations

after P is reached, the passenger moves in a straight o \‘;\

line and no longer has centripetal acceleration. Y - \
o)

Thus, the passenger has only the acceleration Along here, the Loading

magnitude g along the track. passenger has pom

only tangential
acceleration.

Hence, a =49 at P and a =g after P.

— —

18 December 2018 PHY 101 Phvsics | © Dr.Cem Ozdogan 19
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 For an extended rotating rigid body, ’"%*"*“",,m
* treat the body as a collection of particles with difi ear
velocities (same angular velocity for all particles but possibly
different radii ),
« and add up the kinetic energies of all the particles to find the total

Kinetic energy of the body: K= Jmpi + 3mw3 + smy3 + - = X amp?
(m is the mass of the i" particle and v; is its speed). 4
2 T W) Crn@pct-
(v = wr) =K=3infor) Sl iy

Rod is easy to rotate ( J \

this way. / I — E m‘l}”? (rﬂtatiﬂnﬂl iIlEI‘tiEl)'
‘ (a) ! : .
ne

Rotational Inertia(or moment of inertia) |

\
R";;;i‘“‘/ === (\Vith respect to axis of rotation) )
Harder this way.

: Kinetic Energy
- K = Efmz (radian measure) l of Rotation

ight © 2014 John Wiley & Sons, Inc. All rights reserved.
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o | is a constant for a rigid object and given rotational axis.

« Caution: the axis for I must always be specified.

« Use these equations for a finite set of rotating particles.

- Rotational inertia corresponds to how difficult it is to change the state
oLLOIat\IOD (speed up, slow down or change the axis of rotation)

o If arigid body consists of a great many adjacent particles (it is
continuous), we consider an integral and define the rotational inertia of

the body as .
[ = | r~dm (rotational inertia, mnlmunus body).

o In principle we can always use this equation. ey I
« But there i1s a set of common shapes for which values have already

been calculated (see Table) for common axes.

18 December 2018 PHY 101 Phvsics | © Dr.Cem Ozdogan 21
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10.7 Calculating the Rotational Inertia d

Moments of inertia for various bodies Which object is turns easier?

2 | > 3
ML- ML= = l—zM(a’ +b°) l=

Smallest Moment
(@) Slender rod, (b) Slender rod, (¢) Rectangular plate, (d) Thin rectangular plate, of Inertia
axis through center axis through one end axis through center axis along edge
= LMr2 + R 1= Lmr? I = MR? 1= 2R 1= 2R
2 2 2 5 3

@ Like a . g
il battery e " $

(e) Hollow cylinder () Solid oylinder (g) Thin-walled hollow (h) Solid sphere (i) Thin-walled hollow é{
cylinder sphem
ﬂ:: H.

C oL Ca) “T = __,Alx' o M(#fﬁ“’“ S’\/ %Aq”_ﬂ ]

[ —</ L [, s
“?‘F
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10.7 Calculating the Rotational Inertia 7 et

« If a rigid body consists of a great many adjacent particles
The Moment of Inertia about the center of the rod

I= ller?‘Am = frza'm

Am: -0

Example:

a mass element

dm =/Adx = M 4x —-l |-—
mass per unit length _

Lk

x is changing
- L——

from the definition

M
I=[rdm= [ 2 de="0["zdx
o My 1 s
o L [3]—1.12 o leL

18 December 2018 PHY 101 Phvsics | © Dr.Cem Ozdogan 23
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* If we know the rotational inertia about an axis that extends through
the body’s center of mass (I.,.), then we can calculate rotational

Inertia about an another axis parallel to the first one.

@rallel AXIS Theorem: \

If h is a perpendicular distance between a
given axis and the axis through the center of

mass (these two axes being parallel).Then
the rotational inertia | about the given axis Is

\&
« Note the axes must be parallel, and the first must go through the center
of mass.

« This does not relate the moment of inertia for two arbitrary axes.

oNZ_ fA)M/é{é/ E@_ﬂ 2nL

CTeum)

h: perpendicular distance to com

= [om T Mh? (parallel-axis th{:urcy

18 December 2018 PHY 101 Phvsics | © Dr.Cem Ozdogan 24
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10.7 Calculating the Rotational Inertia

Sample problem: Rotational Inertia
Figure 10-13a shows a rigid body consisting of two particles of (b) What is the rotational inertia I of the body about an axis

through the left end of the rod and parallel to the first axis
‘ . o . (Fig. 10-13b)?
(a) What is the rotational inertia /o, about an axis through the Fjrst technique: We calculate [ asin part (a), except here the

mass /m connected by arod of length L and negligible mass.

center of mass, perpendicular to the rod as shown? perpendicular distance r; is zero for the particle on the left and
| ——Rotati i . . .
ci?:;?lngﬂx " L for the particle on the right. Now Eq. 10-33 gives us
center of mass I=m(0)*+mL?=ml>. (Answer)
3 Seu 3 Second technique: Because we aﬁady know [, about
| 1L ir. | an axis through the center of mass and because the axis here
is parallel to that “com axis,” we can apply the parallel-axis
(a) Here the rotation axis is through the com. theorem (Eq. 10-36). We find
Rotation axis through m T “ﬂihz = %mLz + (2m)(%L)2
end of rod —
. com m = ml2 In (Answer)
X ol ,;-—:;—_
| . | Lol monn 11
(®) Here it has been shifted from the ¢

without changing the orientatiopx
can use the parallel-axis theafem.

Calculations: For the two particles, each at
distance %L from the rotation axis, we have

=3 mg? = (m)GLY + (po(LL)?
=1ml2
f//}/,_./ Teo

18 December 2018 PHY 101 Phvsics | © Dr.Cem Ozdogan 25
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10.7 Calculating the Rotational Inertia

Sample problem: Rotational Inertia

This is the full rod.
We want its rotational

el inertia.
axis
/ com /M
— 3 — X
L L ‘
I 2 2 !
First, pick any tiny element
Rotation and write its rotational
axis inertia as x2 dm.

— -
- I Kdm

—

Figure 10-14 shows a thin, uniform rod of mass M and length
L.on an x axis with the origin at the rod’s center.

(a) What is the rotational inertia of the rod about the
perpendicular rotation axis through the center?

KEY IDEAS

(1) Because the rod is uniform, its center of mass is at its cen-
ter. Therefore, we are looking for /.. (2) Because the rod is
a continuous object, we must use the integral of Eq. 10-35,

I= j r*dm, (10-38)
to find the rotational inertia.

Calculations: We want to integrate with respect to coordi-

nate x (not mass m as indicated in the integral), so we must
relate the mass dm of an element of the rod to its length dx
along the rod. (Such an element is shown in Fig. 10-14.)
Because the rod is uniform, the ratio of mass to length is the
same for all the elements and for the rod as a whole. Thus,
we can write

element’s mass dm _ rod’s mass M
element’s length dx rod’s length L
M
or dm = —dx.
"

We can now substitute this result for dm and x for r in
Eq. 10-38. Then we integrate from end to end of the rod
(from x = —L/2 to x = L/2) to include all the elements.
We find

x=+Lf2 M
I= - (—) dx
J;=—Li2 L
M X + L2 M ( L )3 ( L )3
T - (4]

= SMIL2 (Answer)
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10.7 Calculating the Rotational Inertia
Sample problem: Rotational Inertia cont.

) This is the full rod. (b) What i.s the rod‘s rotat.ional inertia / about a new
Fig. 10-14 We want its rotational  fotation axis that is perpendicular to the Tod and through
Rotation inertia. ¢ leftend?
axis
- con S
T 1 - We can find 7 by shifting the origin of the x axis to the left end
of the rod and then integrating from x = Otox = L. However,
| % % | here we shall use a more powerful (and easier) technique by
o _ applying the parallel-axis theorem (Eq. 10-36), in which we
First, pick any tiny element  ¢pigthe rotation axis without changing its orientation.
Rotation and write its rotational
asis inertia as x* dm. Calculations: If we place the axis at the rod’s end so that it
— | is parallel to the axis through the center of mass, then we
_ 1 S - can use the parallel-axis theorem (Eq. 10-36). We know
from part (a) that I, is II—ZMLZ. From Fig. 10-14, the perpen-
dicular distance /i between the new rotation axis and the
Then, using integration, add up ~ center of mass iS%L. Equation 10-36 then gives us
_ the rotational inertias for all of ) ; 5 170
Romon the elements, from leftmost to I = lom + Mh™ = 12 ML= + (M)(EL)
rightmost. — % MI.2. (Answer)
e 1 =" Actually, this result holds for any axis through the left
x=_L oL or right end that is perpendicular to the rod, whether it is
Le&moi Rjghtmzost parallel to the axis shown in Fig. 10-14 or not.
-
o—-;M
ey
ho S CAM
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{—a
» The ability of a force F to rotate the body depends on both the
magnitude of its tangential component F, and also on just how far from
O, the pivot point, the force Is applied.
 To include both these factors, a quantity called torgue t is defined as:

7= (r)(Fsin ¢). r=)(Fsing) =rk = (rsin ¢)(F) = r,F.
where r, Is called the moment arm of F.

Ve hY
ra Y
r A
P S
p ;
't iy [
'-.II { !
/ Rotation /. | ,
| E r |
f axis .
| / Rotation |
b ' |.
b

rLine of _

/ Rotation : .
| action of F

| axis
|

o [

b 4 Momentam/.
. of F
The torque due to this force
causes rotation around this :
axis (which extends out But actually only the tangential You calculate the same torque
component of the force causes by using this moment arm

toward you). . distance and the full force
the rotation.

(a) magnitude.
(b)

Agalin, torque is positive if it would cause a counterclockwise

rotation, otherwise negative. — sc.»
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« Torque takes these factors into account:
1. A line extended through the applied force is called the line of action
of the force.
2. The perpendicular distance from the line of action to the axis is called
the moment arm.
« The unit of torque Is the newton-meter, N m.

« Note that 1 J =1 N m, but torques are never expressed in joules, torque

! ICVET EAPTESSE
IS not energy. —
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10.9 Newton’s 2" |_aw of Rotation i

« Rewrite F = ma with rotational variables: The torque due to the tangential

component of the force causes
an angular acceleration around

F, = ma,. oo
the rotation axis.

3

7= F,r = ma,r.

2

7=m(ar)r = (mr?)a.
3

7= 1o

rfé e~ Ix

o It is torque that causes angular acceleration

Rotation axis

For more than one force, we can generalize:

Thet — la (radian measure
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Sample problem: Newton’s 2"
Law in Rotational Moition

Figure 10-18a shows a uniform disk, with mass M = 2.5 kg
and radius R =20 cm, mounted on a fixed horizontal axle.
A block with mass m = 1.2 kg hangs from a massless cord that

is wrapped around the rim of the disk. Find the acceleration of

the falling block, the angular acceleration of the disk, and the

- - - - oo [ ]
tension in the cord. The cord does not slip, and there is no fric-

tion at the axle.

The torque due to the
cord's pull on the rim
causes an angular
acceleration of the disk.

These two forces
—  determine the block's
(linear) acceleration.

m

£ We need to relate
v  those two
accelerations.

(a)

Forces on block:

From the block’s freebody, we ¢
Newton’s second law for cogiponents
along a vertical y axis as: T —-mg= ma.
18 December 2018

PHY 101 Phvsics | © Dr.Cem Ozdogan

» The torque from the tension force, T, is -RT, negative
because the torque rotates the disk clockwise from
rest. T=Ix = ~RA

- The rotational inertia | of the disk is ¥

« But 1, =la =-RT=1/2 MR?q..

Because the cord [

a of the block and the (tangentia

a, of the rim of the disk(eire equal. We now have: T=-
2Ma., ET4T
iNi _ o 2m o) (2)(1.2kg)
Cpmbining « = — M+2zm - OS5 5e + @)12ke)
results
= —4.8 m/s’. (Answer)
_ _1 — A Q Jo2
e then find -I- T = EJM(-? kg)( 4.8 m/s )
= 60N (Answer)
he angular acceleration of the/disk is:
: —4.8 m/s?
a = ;; = — ,;0 = 24 rad/s?. (Answer)

Note that the acceleration a of the falling block is less

than g, and tension T in the cord (=6.0 N) is less than
the gravitational force on the hanging block ( mg =11.8

N).
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10.10 Work and Rotational Kinetic Energy
The rotational work-Kinetic energy theorem states:

AK = K; — K; = 31w} — 3Io} = W

The work done In a rotation about a L~ = § T dw
fixed axis can be calculated by:

(work—kinetic energy theorem).

where 1 Is the torque doing the

oy work W, and 6 and & are the

W= j 7df  (work, rotation about fixed axis),| body’s angular positions before
, and after the work is done,

i r ivel
When t is constant espectively

W=17(6,—6) (work,constant t-::mrque’

The rate at which the work is done is the power
dW

P = W = Tw (power, rotation about fixed axis)
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TABLE 10-3

Some Corresponding Relations for Translational and Rotational Motion

Pure Translation (Fixed Direction)
.,_,.ﬂ-""

Pure Rotation (Fixed Axis)
rure

Position
Velocity

Acceleration

Mass

Newton’s second law
Work

Kinetic energy

Power (constant force)

—
X Angular position

v = dx/dt Angular velocity

a = dvldt | Angularacceleration
m Rotational inertia

F... = ma | Newton’ssecond law
W= [ Fdx| Work

1 2 : : .
K =3mv Kinetic energy

P = Fv Power (constant tol‘que)

Work —kinetic energy theorem W = AK Work —kinetic energy theorem

6

w = doldt
a = dwldt
I/

Toet = JC¥
W= [r7d#
K = %Iwg
P=71w
W= AK

18 December 2018
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Sample problem: Work, Rotational KE,

Let the disk in Fig. 10-18 start from rest at time ¢ = 0 and
also let the tension in the massless cord be 6.0 N and the an-
gular acceleration of the disk be —24 rad/s?. What is its rota-
tional kinetic enerey K atr = 2.5 s?

Calculations: Because we want @ and know « and «, (= 0).
we use Eq. 10-12:

wzw(]+(1’f=0+(l‘f= T.
Substituting @ = arand I = ;MM. 10-34, we find
K =1le? = iGMR?)(ar)? = IM(Rat)?

= %(2.5 kg)[(0.20 m)(—24 rad/s?)(2.5 s)]?

We can also get this answer by finding the disk’s kinetic
energy from the work done on the disk.

Calculations: First, we relate the change in the kinetic
energy of the disk to the net work W done on the disk, using
the work —kinetic energy theorem of Eq. 10-32 (K;— K; = W).
With K substituted for Kyand 0 for K, we get

K=K, +W=0+W=W. (10-60)

Next we want to find the work W. We can relate W to
the torques acting on the disk with Eq. 10-53 or 10-54. The
only torque causing angular acceleration and doing work is

=90 J. (Answer) the torque due to force T on the disk from the cord, which is
equal to —TR. Because a is constant, this torque also must
be constant. Thus, we can use Eq. 10-54 to write
W=71(6,— 6,) = —TR(6;,— 6,). (10-61)
Ciw
T Because « is constant, we€ can use Eq. 10-13 to find
M t; — 6. With w; = 0, we have
(o) 0 — 0, = ot + %m‘z =0+ %arz = %m’z‘
¥
Now we substitute this into Eq. 10-61 and then substitute the
T result into Eq. 10-60. Inserting the given falues T'= 6.0 N
m ¢ and @ = —24 rad/s®, we have
m
= K =W= —TR(6; — ) = —TRGat*) = —3TRar?
g
—2(6.0 N)(0.20 m)(—24 rad/s?)(2.5 s)?
v
(@) ) = 90 J. (Answer)
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Angular Position Kinematic Equations
Measured around a rotation axis, Given in Table 10-1 for constant
relative to a reference line: acceleration

o= = Match the linear case
r Eq. (10-1)

Rotational Kinetic Energy

Anqgular Velocity and Speed . .
J Y P and Rotational Inertia

Average and instantaneous values:

_ =6 o Eq. (10-5) K = %1(1)2 (radian measure)

™y g At’
a0 as Eq. (10-34)
CTAN A A Eg. (10-6) I = 2 I”i”l,-l”,2 (rotational inertia)

Angular_ Displacem_e_nt Eq. (10-33)

A change in angular position Linear and Angular Variables
Af= 6, — 60,. Eg.(104) Related

Angular Acceleration Linear and angular displacement,

Average and instantaneous values: velocity, and acceleration are
_m -0 Ao L Ao _ do related by r

Eazlvg]-;? t2 _ [1 o At ? At—0 At dt .

9 (10-7) Eq.(10:8) ..
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The Parallel-Axis Theorem

Work and Rotational Kinetic

Relate moment of inertia around Energy

any parallel axis to value around 0

com axis W = X T7d6 Eq. (10-53)
[ =1, + Mh* Eq.(10-36) W

Force applied at distance from an . _
axis: Newton's Second Law in

7= (r)(Fsin ¢). Eq.(10-39) Angular Form

Moment arm: perpendicular Taet = la Eq. (10-42)
distance to the rotation axis
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10 Solved Problems 7
1. Adisk rotates about its central axis starting from rest and accelerates with constant
angular acceleration. At one time it is rotating at 10 rev/s; 60 revolutions later, its
angular speed is 15 rev/s. Calculate (a) the angular accelerm
required to complete the 60 revolutions, (c) the time required to reach the 10 rev/s

angular speed, and (d) the number of revolutions from rest until the time the disk
reaches the 10 rev/s angular speed.
J/

3 (10 Sl R R '/\/wfo""/

Disc rolea' f) W =W 4"7‘@) —-LO 2 (G, 6)

m: Mé {;:‘2 —7(5 rev/s) = (IOr@v/) + 2 60ren _;{:(; l-04 rw/sr-lccw
X r consomet

6’) to-t,=0t="7 Now we wz_w,«wu: lsnw/=10rw/5
Dlbdgl s ] . Frodtete  Fioy g, £

P "L 08 AG=L (wtwy) At

96 s

. [ - oc,w//_;z. E:]

1 V>#_°¥fMA:140’M~=,7 QQAJM t=0 Ao £=9.6 5. Uy ubf:%%ug&g
=T C/O“’"’/S) =0%+2x104 ren/s? A6 —>]Z(9_—_-. 45 rev/ |

W =10 Ml/_g “"é‘
Wy =I5 reyfs b=tz
60 revoludrons
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10 Solved Problems i

2. 1fa32.0 N-m torque on a wheel causes angular acceleration 25.0 rad/s?, what is
the wheel's rotational inertia?

(50) Culot ( E-rxF = rF?ﬂﬁO:r‘.F = pma:‘g ron o(r::”m/rzo()

e
o 2
__?I-s__g-.::. 22'0(‘/"" = [.25 [ Mz '
[\ _ | I acmf” rod/

508
by
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3.In Figure, block 1 has mass m,=460 g, block 2 has mass
m,=500 g, and the pulley, which is mounted on a horizontal axle R
with negligible friction, has radius R=5.00 cm. When released
from rest, block 2 falls 75.0 cm in 5.00 s without the cord
slipping on the pulley. (a) What is the magnitude of the Ty — T,
acceleration of the blocks? What are (b) tension T, and (c)
tension T,? (d) What is the magnitude of the pulley's angular ™ iy
acceleration? (e) What is its rotational inertia?

i('*') M3 —~ ¥, g 7 =Y, {—%h?i_ﬁué?—

J mg-T, = —ma (- pt= TS
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o
T o 171; | . -2
{ | I tia_ | %?"/—“6"/0 uh - 4-?%1\/ B

e % '"25(}’/?3( o)

: 17V OC=7 o(:a»é -~ X =04 AT 7
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A= Exl0 wfst L i gl
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4. A 32.0 kg wheel, essentially a thin hoop with radius 1.20 m, is rotating at

280 rev/min. It must be brought to a stop in 15.0 s. (a) How much work must be

done to stop it? (b) What is the required.average power?

pit? (b) quireshaverage p e s e

i W=—0U W=4 - 2 3 mg-
m..SZ-OLg w‘:.Ab v B K:- Izw =—ééz 05)(2”9(29'3/'

Hhin. hoop o W= - 1.98xIF T
R.s(rZM. K— ‘ wz‘ } 7

Z F 7 T
K/ &) P=L0] __1.38x00"5 (7). 32x15°W
w:ZZO:e%,m AK_}{{ Ki ) X4 Sin / —.J

Table (0-2a  \ 5. 280 rev 27cad Imin _ 233 rad/,
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5. In Figure, two 6.20 kg blocks are connected by a massless string over a pulley of
radius 2.40 cm and rotational inertia 7.40x10~* kg-m?. The string does not slip on
the pulley; it is not known whether there is friction between the table and the
sliding block: the pulley’s axis is frictionless. When this system is released from
rest, the pulley turns through 0.650 rad in 91.0 ms and the acceleration of the
blocks is constant. What are (a) the magnitude of the pulley's angular acceleration,
(b) the magnitude of either block's acceleration, (c) string tension T,, and (d) string

tension T,? o

1, — e,y
(7“" m,j,T, = W, @

Eﬂ @ ~T¢> R Lo
J Ag - 0,50 xd

L-(-') Af(":_"-E :4\,. Mf

My
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Additional Materials
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Proof of the Parallel-Axis Theorem

CoIm

Rotation axis
through P

l{J

h
b

(I

r

!

-\.1 —

0

Rotation axis

through

center of mass

18 December 2018

Let O be the center of mass (and also the origin of the
coordinate system) of the arbitrarily shaped body shown
In Cross section.

*Consider an axis through O perpendicular to the plane of
the figure, and another axis through point P parallel to the

b .- .
first axis.

Let the x and y coordinates of P be a and b.

Let dm be a mass element with the general coordinates x
and y. The rotational inertia of the body about the axis
through P Is:

[ = Jrz dm = J[(.r —a)y+ (y— b]z] dm

= J(.\f2 + v)dm — 2a J xdm — 2b J\, dm + J(n'2 + b2) dm

*But x? + y? =R?, where R is the distance from O to dm,
the first integral is simply I, the rotational inertia of the
body about an axis through its center of mass.

*The last term in is Mh?, where M is the body’s total mass.
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6. In Figure, a thin uniform rod (mass 3.0 kg, length 4.0 m) rotates freely
about a horizontal axis A that is perpendicular to the rod and passes through
a point at distance d=1.0 m from the end of the rod. The kinetic energy of
the rod as it passes through the vertical position is 20 J. (a) What is the -4
rotational inertia of the rod about axis ? (b) What is the (linear) speed of the
end of the rod as the rod passes through the vertical position? (c) At what &

angle © will the rod momentarily stop in its upward swing?

) T IwM_{_m[,L quM_ Anks M/W
f-LML +Mh ?‘\. divbnge 4o Com

m)= 70
’"’L(g 015)["0"l +@4‘3)@O) 9 26 203 _ 2.4 cad/s

_)JK“* 1 T ©_ 4(7obd (wt) »w 2T -

.._n._l.l

st 3 20§, = (24 mdfc) (3-00m)l- 7-200/s |
AL 7 “Q (_ )6’39’6{ CobnA mo*/’to’w o
4%) Graa =" s Ao - 3m-(m) lr@ Ky + U |

3 3m 5
CoM (om:('lcmj‘m\" 3 h S 20 m
L hal] & =}’lma«”"o ye
i g =~ SR iy WO ool o i)

Sh
3
(B=Tm (-0 | BT Sras AC‘%%%
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