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Differential Equations |

¢ Most problems in the real world are modeled with
differential equations because it is easier to see the
relationship in terms of a derivative.

°eg.

Newton’s Law: F=Ma, d?s/dt?> = a = F/M (constant

acceleration). 2" order ordinary differential equation.

° eg.
° eg.

It is ordinary since it does not involve partial differentials.
Second order since the order of the derivative is two.

The solution to this equation is a function,

s(t) = (1/2)at? + vot + So.

Two arbitrary constants, vy and sy, the initial values for the
velocity and position.

The equation for s(t) allows the computation of a numerical
value for s, the position of the object, at any value for time,
the independent variable, t.

Harmonic oscillator problem in mechanics,
One-dimensional Schrédinger equation in quantum

mechanics,

¢ e.g. One-dimensional Laplace equation in electromagnetic

theory, etc.
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Differential Equations Il
¢ Analytical solutions of these equations are often
non-existent or very complicated.
¢ Numerical solutions are the remedy. In terms of solution
technique, we can divide differential equations into three
groups:

1 Initial Value Problems:

In time-dependent problems, the initial state at time t=0 is given
and a solution is searched for later t values. For example, in
the following quadratic equation

d?y
A L))

two initial conditions must be given at t=0, namely y(0) and
y’(0) values. (N order DE — N initial conditions).

2 Boundary Value Problems.

3 Eigenvalue (characteristic-value) Problems.

Numerical Techniques
Differential Equations
Initial Value Problems

Dr. Cem Ozdogan

Projectile Motion with Air
Resistance

Planetary Motion
Euler Method
Runge-Kutta Method
Second Degree Equations



Projectile Motion with Air Resistance |

¢ |n addition to a vertical gravitational force on a 2D
projectile motion, there is also a friction force to a certain
extent due to air resistance.

¢ This frictional force is usually in the opposite direction to
velocity and is proportional to the square of the velocity:
F, = —kvV (Drag force, Fp = —(1/2)cpAv2V/|V| here, ¢ is
the drag coefficient, p the air density, and A the projectile’s
cross-sectional area).

If we write Newton’s 2™ law as ma = Fpe
a vector in two dimensions, a3r . .
mﬁ = mg— kvv

¢ and component wise (where k/m = ~):

%:_7(,/v3+vy2)vx & %:Vx
2
& ga(feig)y & Zoy

* Now, we have a set of equations.
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Planetary Motion |

¢ |n the previous projectile motion example, we used the
gravitational force with the expression F = mg and
gravitational acceleration as being constant near the
Earth’s surface.

¢ However, the gravitational force between masses is most
generally given by Newton’s law of universal gravitation:

F—g™e
r
Here, G = 6.6743 x 10~ m3kg—'s72 is called the
universal gravitational constant. The force is attractive and
along the direction connecting the two masses.

e This expression should be used when studying the motion
of planets and moons.

e | et’s study the motion of a planet (mass m )moving under
the gravitational force of the Sun (mass M). If we take the
sun at the origin, the vector expression of the force acting
on the planet would be:

ﬁ:—GM?F
r
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Planetary Motion I

¢ Since the orbit of the planet will be at a plane (2D), the
position vector 7 and accordingly the acceleration vector &
would have two components as:

r = Xi+yj
é’ — ﬂ; + ﬂﬁ
- g T ae!

e Newton’s 2™ law as & = F/m and also velocity
expressions for the x- and y-components:

—dZX — Mx & % =V
a2~ 8 a
ad?y M dy

e - Gay & GTw

¢ Now, we have a set of equations.
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Euler Method |

¢ |n an initial-value problem, the numerical solution
begins at the initial point and marches from there to
increasing values for the independent variable.

¢ The Euler method. Describes a method that is
easy to use but is not very precise unless the step size,
the intervals for the projection of the solution, is very small.

¢ Consider the following first-order differential equation:

@

dX*Y'(X):f(XaY) & y(x0) = Yo (1)

® Here x is the variable, y(x) and f(x,y) are real functions,
and the initial condition y; is a real number.

¢ From the solution of this equation, we get y1, y2,...,¥n
values for the function at the points x1, x, . .., X, with
equal step lengths h.

¢ Equations of higher order are solved by converting
them to a system of linear equations.
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Euler Method I Numerical Techniques
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® The expression given by Equation 1 is written as the
forward-difference approximation at a point x; by Euler’s o
method. Vit — Vi
L 4 O(h) = f(x;, )

h Differential Equations -
Initial Value Problems
¢ |f we solve this expression for y;, 1, we get the FEB N Gl s
Euler method formula: Paretary Motion
Runge-Kutta Method
Second Degree Equations
Yiv1 = Yi + hf(x, y;) + O(H) o

® This expression shows that the error in one step of Euler
method is O(h?). But, this error is just the local error. Over
many steps, the global error becomes O(h) (as
NO(h?) =~ O(h) for N steps).

® The method is easy to program when we know the formula
for y'(x)(= f(x,yi)) and a starting value, yo, = y(Xo)-
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Euler Method llI

e |et’s see the application of this method on an example.
Given differential equation,

ay

_:X+y

dx

e The analytical solution of this equation is given as
y(x) = 2e¥ — x — 1. Initial condition: y(x = 0) =1

Step Euler Exact Euler-Exact SciPy

X y y Error y

0.88 1. 1. 0. 1.

0.18 1.le8eeeeee8eeeesl 1.1183418361512953 0.8183418361512952 1.1183418365038888
0.28 1.2280000088600002 1.2428855163283395 0.8228855163283393 1.24280551715812%94
0.38 1.36200000088800001 1.3997176151520065 0.8377176151520064 1.3997176170100418
0.48 1.52820000088000008 1.5836493952825408 0.8554493952825408 1.5836493990278593
0.58 1.7218200088600008 1.7974425414802564 0.08764225414802564 1.7974425476900568
0.68 1.943122006868000008 2.084423760087810177 0.1811156087810177 2.0442376098866673
0.78 2.1974342008000008 2.3275854149489531 0.1388712149489531 2.3275054266863835
0.88 2.4871776288000002 2.6510818569849358 0.1639042369849348 2.6510818708124289
0.98 2.8158953820000003 3.08192862223138993 0.20833108483138998 3.0192062374603896
1.e8 3.18748492082000002 3.4365636569180902 0.2498787367180908 3.4365636726612259

Table: Solution of the differential equation dy/dx = x + y in the
interval [0, 1] by Euler method.

(Example py-file: myeuler.py)
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http://cemozdogan.net/ScientificComputingwithPython/pyfiles/myeuler.py

Euler Method IV

As can be seen from the table, the margin of error is large in
the Euler method.

Approximate and Exact Solution for Simple ODE: % =x+y

4.0
3.5 1
3.0 1
> 2.5
2.0 A
1.5
-@- Approximate

—— Exact

1.0 —%— SciPy

T T T T T T

0.0 0.2 0.4 0.6 0.8 1.0

Figure: Solution of the differential equation dy/dx = x + y in the
interval [0, 1] by Euler method.
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Runge-Kutta Method |

Simple Euler method comes from using just one term from
the Taylor series for y(x) expanded about x = Xxp.

What if we use more terms of the Taylor series? Runge
and Kutta, developed algorithms from using more than two
terms of the series.

In the Euler method, the increment is directly from x; to
Xit1-

Second-order Runge-Kutta methods are obtained by using
a weighted average of two increments to y(xo), k1 and k..
Let's take a "trial step” in the middle and then increment to

Xi+1 by using these middle x- and y-values. Two quantities
are defined here as ki and ko,

hf(x;, yi)
1 1
hf(x; + Eh,y,- + §k1)

K =
ko
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Runge-Kutta Method Il

® The parameter;
® [y is for the calculation at x;, y;,
* k is for a half-step away (x; + 1 h, y; + 3 ki) calculation.

e Accordingly, the 2" order Runge-Kutta formula becomes:

Vie1 = Vi + ko + O(h®)

¢ |In the Runge-Kutta method, the margin of error in one step
is O(h®) and is O(h?) in the entire interval.

¢ |t works better than the Euler method, but it comes at a
cost: f(x, y) will be calculated twice at each step.

¢ This "trial step" technique can be taken even further.

Fourth-order Runge-Kutta (RK4) methods are most widely
used and are derived in similar fashion.
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Runge-Kutta Method IlI Diftrentil Equations
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ki = f(xi,y) ﬁié}x‘b%
1 1 3
ky = f(x,-+§h,y,-+—hk1)

2
1 1 Differential Equations -
ks = f(xi+ Eh, yi+ Ehkz) Initial Value Problems
ke = f(x+hy+ hk) =
h Euler Method
Yitur = Vi + E(KI + 2k2 + 2k3 + k4) + O(h5) Second Degree Equations

e The local error term for the fourth-order Runge-Kutta
method is O(h®); the global error would be O(h*).

¢ |t is computationally more efficient than the (modified)
Euler method because the steps can be manyfold larger
for the same accuracy.

e However, four evaluations of the function are required
per step rather than two.



Runge-Kutta Method IV

e |et’s apply the RK4 method on the previous example.
Given differential equation,

dy

dx

= X —F )/

e The analytical solution of this equation is given as

y(x) = 2e¥ — x — 1. Initial condition: y(x =0) = 1

RK& Exact RK4-Exact SciPy
y y Error ¥
1. a. 1.

1103416666666668 1.1103418361512953 0.0000001694846286 1.11083418365038888
2428051417013890 1.2428055163203395 0.0000003746189505 1.24280551715812%94
3997169941250756 1.3997176151520065 0.0000006210269310 1.3997176170100418
5836484801613715 1.5836493952825408 0.0000009151211693 1.5836493990278593
7974412771936765 1.7974425414002564 0.0000012642065799 1.7974425476900968
0442359241838663 2.0442376007810177 0.0000016765971513 2.0442376098860673
3275032531935538 2.3275054149409531 0.0000021617473993 2.3275054266863835
6510791265846310 2.6510818569849350 0.0000027304003041 2.6510818708124289
0192028275601421 3.0192062223138993 0.0000033947537572 3.0192062374603896
.4365594882703321 3.4365636569180902 0.0000041686477581 3.4365636726612259

Table: Solution of the differential equation dy/dx = x + y in the
interval [0, 1] by 4th order Runge-Kutta method.

(Example py-file: myrungekutta.py)
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http://cemozdogan.net/ScientificComputingwithPython/pyfiles/myrungekutta.py

Runge-Kutta Method V
As can be seen from the Table, much more sensitive results
are obtained compared to the Euler method.

Approximate and Exact Solution for Simple ODE: % =x+y

4.0
3.5 1
3.0 1
> 2.5
2.0 A
1.5
-@- Approximate

—— Exact

1.0 —%— SciPy

T T T T T T

0.0 0.2 0.4 0.6 0.8 1.0

Figure: Solution of the differential equation dy/dx = x + y in the
interval [0, 1] by Euler method.
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2" Degree Equations & Linear Systems |

¢ Any second-order or higher-order differential equation
can be converted into a system of first-order (linear)
equations. For example,

o’y dy _
5 +AX) G-+ B)y(x) =0
e Let’s define two new functions for the equation, y(x) and
ya(x):
d
) =y(x) & ya(x)=

T dx

e With this transformation, instead of one 2" order
equation, two 1! order equations are formed:

AN
@ 22— Ay - By
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2"4 Degree Equations & Linear Systems Il e
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¢ All we need to do to solve higher-order equations, even a
system of higher-order initial-value problems, is to reduce
them to a system of first-order equations. $
¢ Such as: One M-order equation — a system with M
first-order equations' Differential Equations -

e Let’s take the most general system of differential equations e ar

Projectile Motion with Air

with M unknowns: i

Planetary Motion
Euler Method

d Runge-Kutta Method
% =i y1,...,ym) & y1(0) = y1o

d
% =X, y1,-...ym) & ym(0) = ymo

® The next step for solving is to apply the methods (such as;
Euler, Runge-Kutta) for the 1t order differential equation
to these linear system.



Projectile Motion with Air Resistance Il

We had a set of equations. Two second degree and two first
degree differential equations with two unknowns.

a?x ra— ax

a?y 2 4 2 ay _
@z =-9-7(y2+%)w & @F=v

e To solve these two 2™ degree equations .
(plus two 15t degree equations) given above, X=n

we first convert them to a system of 4 15 Y=y
degree (linear) equations. °* vy y3
¢ To this end, let’s define the four unknowns * VvV, Y

as follows:
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Projectile Motion with Air Resistance Il

e Accordingly, the above 2™ degree system is written as:

U
2%
@ 2%
(4 %

Y3

Ya
— (\/ye? + yf) ¥
-g—7 (\/yf? + YE) Va

e When ~ = 0 in this system of equations, we obtain our
usual parabolic curve y = (o, /Vox)X — (g/2V&,)X2.
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Projectile Motion with Air Resistance IV
To calculate the effect of air friction, let’s take the initial
conditions (t = 0) and constants (g & ~):
X=yi(t=0)=0 & yy=y(t=0)=0
Vox = }/3(t = 0) =60 & Voy = }/4(t = O) =80
g=100 & ~=0.01

Projectile motion with Air Resistance

~®- Air Friction
—— No Air Friction

Figure: Numerical solution of projectile motion with and without air

friction. (Example py-file: airfriction.py)
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http://cemozdogan.net/ScientificComputingwithPython/pyfiles/airfriction.py

Planetary Motion llI

We had a set of equations. Two second degree and two first
degree differential equations with two unknowns.

a?x M dx
®) g =~ p* () g ="
d’y M ay
Wge =—Cpr & @g=w

e To solve these two 2™ degree equations

(plus two 15t degree equations) given above, ° X 7 V1

we first convert them to a system of 4 15 Y=y

degree (linear) equations. °* vy y3
¢ To this end, let’s define the four unknowns * VvV, Y

as follows:
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Planetary Motion IV

e Accordingly, the above 2™ degree system is written as:

dy
M 2
dyo
@)
dys
3) 4

ays
4) -

Y3

Ya
GM

2+ yEPR

GM

2+ yER

2y1

2y2

¢ For the motion of the planets, we use the astronomical unit
system. The Earth-Sun average distance would be in units

of astronomical length: 1 au ~ 1.5 x 10'" m. The time

taken for the Earth to go around the Sun once is 1 year (y)

as the unit of time.

e Calculated in these units, the product of GM,

GM =~ 40(au)®/y?
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Planetary Motion V

¢ To calculate the planetary motion, let’s take the initial
conditions at time t=0 in terms of four unknowns:

Xo=yi(t=0)=10au & yy=y:(t=0)=0
vox =y3(t=0)=00 & vo =ys(t=0)=6.0au/y
® Then, also take vo, = y4(t =0) =8.0 au/y.

Planetary Motion

—— Closed
~el ~=- Unbounded

Figure: Numerical solution of planetary motion. There can be closed
orbits (ellipse), or solutions going to infinity (unbounded, hyperbola)
for different velocities. (Example py-file: planetarymotion.py)
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http://cemozdogan.net/ScientificComputingwithPython/pyfiles/planetarymotion.py
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